A comparison is made among three methods of obtaining highly accurate approximate expressions for the average motion of plasmas in slowly varying electric and magnetic fields. It is shown that no inconsistencies are revealed by this comparison and that, in fact, two of the techniques are completely equivalent while most of the results of the third can be obtained from the equivalent pair. As a byproduct of the comparison, a function is obtained which can be shown to be conserved along the guiding center trajectory.
I. INTRODUCTION
Three papers Frieman et al. 1 (1) , Macmahon2 (II), and Wilson3 (III) have been presented describing separate approaches to the task of obtaining highly accurate approximate solutions to the Boltzmann and/or hydromagnetics equations for slowly varying fields of arbitrary geometry. Techniques (I) and (III) are very closely related as a closed system of self-consistent equations, correct to first order in e = m/e the particle mass to charge ratio, is obtained by maintaining both microscopic and macroscopic equations. In (II), the a expansion is introduced directly into the heirarchy of moments equations obtained from the Boltzmann equation. First-order portions of certain quantities can be determined explicitly in terms of higher moments but for this totally macroscopic description, closure may be obtained only through the imposition of additional approximations. 4 It may easily be verified by inspection of the original papers that the assumptions upon which these works are based are completely equivalent in most plasma density and temperature realms of interest. Each set of conditions may be reduced to assuming that the expansion parameter a may be as small as desired. (IIn, and other results of (II) which should be obtainable from (III) have not been calculated. The purpose of this paper is to show that the expected equivalence does obtain; that the additional results of (Il) can be derived from (III), and that (I) and (III) are as alike as to allow the calculation of the results of one from those of the other. A by-product of the inspection is the discovery of the form of a function which is conserved along the higher order guiding center trajectory.
With this in mind, in Section H the relevant results of (I) are rederived in the notation of (III), while Section III supplies the analogous results of (III).
In Section IV, a detailed comparison is made between (1) and (III), the results of (II) are verified by use of (III), and the conservation of a proposed function along the guiding center path is demonstrated.
H. HIGHER ORDER CHEW-GOLDBERGER-LOW THEORY
(I) is an extension to higher order in a of a procedure proposed by Chew, Goldberger and Low .6 The method is based on an ordering scheme that requires, in addition to the assumption of slowly varying fields, plasma densities 2 and temperatures such that the plasma frequency is of order of magnitude E-i and the Debye length of order e. Implied in this (as in all three theories discussed in this paper) is the assumption that as E ~ 0 the component of the electric field parallel to B also vanishes.
One proceeds, then, to solve the collisionless Boltzmann equation
in the limit as E -• 0. In (1), the subscripts a and i refer to the directions parallel (2) where for f:
where:
Iy NM I = fi g + .99 .
To obtain a closed set of equations suitable for the study of plasma behavior, one must add to (6) equations which will determine the fields E and B selfconsistently. This has been accomplished and reported in the original paper$ and will not be discussed here. Equations (5) and (6) are the relevant equations to be studied in Section IV. It will be observed in Section III that an equation which serves the same purpose as (6) but which has a radically different appearance can be obtained. We will show that the two equations are consistent.
The approach first outlined by Grad 9 , 10 and extended in (II) is quite different from that of the previous section. It is based on guiding center orbits obtained by solving the single particle equation of motion:
As outlined in (III), 11 the higher order terms of this solution can be calculated in terms of a "nicei12 set of variables chosen to have the property that their equations of motion are free of any rapidly oscillating terms depending on phase.
If the particle coordinates are represented in terms of "nice" variables as (P, E, H, ,D) these variables are related to those of Section H by the following
where the order E (8 (E )) terms of (8d) are known but never used.
In the present case, the variables may reasonably be referred to as the guiding center variables since P is the position of the guiding center and the motion of the guiding center may be completely described in terms of P, Z, H
and their derivatives. One may also describe the instantaneous motion of the particle itself in terms of these variables by using the inversion relations
In (9), the lengthy transformations (8) must be used to develop the expressions for r and v as power series expansions to the order of accuracy destred.1"
The time derivatives of (8) are: Since the right-hand-side of (12) does not vanish, this equation expresses the fact that F is not conserved along a guiding center path. We will note presently that a function can be found that does satisfy such a criterion. Again, the discussion of the self-consistent closure of the system is to be omitted since (8), In (15) the argumen t ;D has been dropped in F because, as previously pointed out, F is known to be phase independent.
In an attempt to arrange ( 15) so that both sides of the equation are in terms of the same variables it is advantageous to expand f in Taylor series about the guiding center variables as follows
Recalling from Section H that one may always write f as f(^2
^2 ^2
we can substitute (5) into (17) and then (17) and (8) into (16) 
IF
The expression for f is obtained by merely inserting into (5) the arguments indicated in (17). The function f (r, 2/2, 71) is determined by (6) with a, p, and F written as functions of 0, a2/2 and n. In like manner, the function f (P, E2/2,H) that appears on the right-hand-side of (18) is determined by (6) , provided the arguments of a,13 and r are now replaced by P, 1 2 /2 and H. From this point on then we assume (18) to have been enforced and all expressions of both sections II and III are to be considered functions of P, .1 2/2 and H.
Taking note that the right hand side of (18) is independent of 0, and recallthat F is also independent of 0 one inn conclude that must bê thus revealing no inconsistency.
Proceeding, one may invert (15) to obtain
Insertion of (20) and (6) ubtracting (21) from (22) one may obtain the following relation which must be satisfied by Equations (6) and (10) 22
Equations (10), (19) , and (21) yield a = -1dt J t which is to be expected since the left-hand-side of (23) contains no term proportional to F.
The comparison expressed by (23) now acquires additional significance.
One may note that y is obtained by an entirely separate calculation from (6) and (10) , and that d' y/dt need be computed to lowest order only. Thus a si-nple calculation yields a check on the order e terms ^f the left-hand-side of (23) which were originally obtained by means of tedious calculation. The calculation of d' -//dt is straightforward. Second derivatives of F result but they can be eliminated by differentiating the lowest order form of (6) to find
The final result ford' y/dt is 
Inserting the appropriate expressions (6) and (10) into the left-hand-side of (23) yields (25); which was to be shown.
Given the results of (III) one may derive (1) for given (8) and constraint (4b), J ana f 1 can be obtained and thus (6) . Some ambiguity is involved in the converse due to the arbitrariness involved in the choice of intermediate variables used to solve the single particle equation. Nevertheless, a set of equations that is at least equivalent to those of (III) may be obtained by using (5) and (4b) to calculate transformation equations of the form of (8). These relations will yield J and y (though possibly not the Game J and y) and (23) can be used to complete the derivation. The ambiguity is no shortcoming: those equations obtained could have been originally derived through the method of (IM. We simply remark that in using (IM as a starting point the ambiguity is removed by specifying the allowed choice in variables. The additional results of (In that are to be verified here are the first order corrections to the heat flux tensor Q. To follow the procedure of (III) which was used to verify the pressure tensor of (II) (see footnote 5), we begin with the definition of the heat flux tensor: 
25
We hasten to note that one important result of (II) that cannot be obtained from (III) is that of the comWtation of u l correct to order E 2. In principle, however, this can be accomplished by calculating the order e 2 portions of relations (3) and usinT a higher order version of the procedure outlined above.
To sum tip, one must conclude that the computations provided here lend y strong credibility to the assertion that all three of the papers treated are correct and equivalent. To be sure, one would expect this to be true, but given the vast -)bse:-vable differences pointed out in the introduction, and given the possibility of algebraic as well as theoretical error, this demonstration is altogether reassuring. 
